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On the Construction of Nonbinary Quantum BCH
Codes
Giuliano G. La Guardia
Abstract—Four quantum code constructions generating sev-
eral new families of good nonbinary quantum nonprimitive
non-narrow-sense Bose-Chaudhuri-Hocquenghem codes are pre-
sented in this paper. The first two ones are based on Calderbank-
Shor-Steane (CSS) construction derived from two nonprimitive
Bose-Chaudhuri-Hocquenghem codes. The third one is based on
Steane’s enlargement of nonbinary CSS codes applied to suitable
sub-families of nonprimitive non-narrow-sense Bose-Chaudhuri-
Hocquenghem codes. The fourth construction is derived from
suitable sub-families of Hermitian dual-containing nonprimitive
non-narrow-sense Bose-Chaudhuri-Hocquenghem codes. These
constructions generate new families of quantum codes whose
parameters are better than the ones available in the literature.
Index Terms – Bose-Chaudhuri-Hocquenghem codes,
quantum codes, cyclotomic coset
I. INTRODUCTION
Constructions of quantum codes with good parameters are
much investigated in the literature [1, 3, 6–11, 13–17, 20, 21].
The CSS construction, the Hermitian construction, as well as
the symplectic construction are the most utilized construction
methods in order to generate good quantum codes. In this
context, many classical codes involved in these constructions
are Bose-Chaudhuri-Hocquenghem codes [4, 5, 12]. Interesting
works concerning this class of codes were presented in the
literature [1, 14–17, 22]. More precisely, the dimension and
sufficient condition (in some cases, necessary and sufficient
condition) for dual (Euclidean and Hermitian) containing
Bose-Chaudhuri-Hocquenghem codes were investigated.
In [1], the authors constructed families of good nonbinary
quantum (narrow-sense) codes by showing useful properties
of cyclotomic cosets. More specifically, they computed the
exact dimension of classical narrow-sense Bose-Chaudhuri-
Hocquenghem codes of length n with minimum distance
of order O(n1/2) as well as establishing useful conditions
for identifying dual-containing (Euclidean as well as Her-
mitian) Bose-Chaudhuri-Hocquenghem codes. Following this
approach, the authors of [17, 22] also have constructed quan-
tum Bose-Chaudhuri-Hocquenghem codes by using proper-
ties of suitable cyclotomic cosets and also dual-containing
codes. In [14, 15], new families of nonbinary quantum Bose-
Chaudhuri-Hocquenghem codes were constructed by means
of the CSS, Hermitian and also by using Steane’s code con-
struction applied to suitable sub-families of Bose-Chaudhuri-
Hocquenghem codes. Finally, new quantum MDS codes of
non Reed-Solomon type are constructed in [16].
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Motivated by the construction of new nonbinary quantum
codes with good parameters, we propose four quantum code
constructions generating new families of good codes. These
new families consist of quantum codes whose parameters are
better than the ones available in the literature. In other words,
fixing n and d, the new quantum codes achieve greater values
of the number of encoded qudits than the codes available
in the literature (see Tables I to IV). In this paper we only
consider nonprimitive codes. In order to construct these new
families it is necessary to know the exactly dimension of
the classical Bose-Chaudhuri-Hocquenghem codes used for
this purpose. This is a difficult task since the dimension of
these codes is not known. To solve this problem, we show
suitable properties of cyclotomic cosets, providing the exact
dimension and also lower bounds for the minimum distance
of the corresponding quantum codes as in the Euclidean as
well as in the Hermitian case. Additionally, by applying the
concept of linear congruence, we prove (for codes of prime
length) the existence of, at least, one q-ary coset containing
two consecutive integers. By means of this result we also
construct new families of good nonbinary quantum codes,
since this technique allows the construction of quantum codes
with great dimension and great minimum distance.
The proposed families have parameters
• [[n, n− 4(c− 2)− 2, d ≥ c]]q,
where q ≥ 4 is a prime power, n is an integer such that
gcd(q, n) = 1, (q− 1) | n, m = ordn(q) = 2 and 2 ≤ c ≤ r,
where r is such that n = r(q − 1);
• [[n, n− 2mr, d ≥ r + 2]]q ,
where m = ordn(q) ≥ 2, n is a prime number and r
is the number of cosets satisfying suitable conditions (see
Theorem 3.4);
• [[n, n−m(2r − 1), d ≥ r + 2]]q ,
where m = ordn(q) ≥ 2, n is a prime number and q ≥ 3;
• [[n, n− 4c, d ≥ c+ 2]]q ,
where n > q is an integer with gcd(q, n) = 1, (q − 1) | n,
m = ordn(q) = 2, 1 ≤ c ≤ r − 3 and r > 3 is such that
n = r(q − 1);
• [[n, n− 4c− 2, d ≥ c+ 2]]q ,
where 2 ≤ c ≤ r − 2, q > 3, n = r(q2 − 1), r > 1 and
m = ordn(q
2) = 2;
• [[n, n− 2mr, d ≥ r + 2]]q ,
where q ≥ 3 is a prime power, n > q2 is a prime number such
that gcd(q, n) = 1, m = ordn(q2) ≥ 2 and r is the number
of cosets satisfying suitable conditions (see Theorem 3.9).
This paper is structured as follows. In Section II we recall
basic concepts on cyclic codes. In Section III, the four new
2quantum code constructions are presented. More precisely: in
Subsection III-A, new families of nonprimitive quantum codes
of length n, where m = ordn(q) = 2, are generated; in
Subsection III-B, new families of q-ary quantum nonprim-
itive non-narrow-sense Bose-Chaudhuri-Hocquenghem codes
of prime length, where m = ordn(q) ≥ 2, are con-
structed; in Subsection III-C, new families of quantum codes
derived from Steane’s code construction are shown; in Sub-
section III-D, the construction of new families of quantum
codes derived from nonprimitive non-narrow-sense Hermitian
dual-containing Bose-Chaudhuri-Hocquenghem codes are pro-
posed. In Section IV, the parameters of the new quantum codes
are compared with the ones available in the literature. Finally,
in Section V, a summary of this paper is given.
II. REVIEW OF CYCLIC CODES
This section presents some basic concepts on cyclic codes,
necessary for the development of this paper. For more details,
we refer the reader to [18].
Throughout this paper, p denotes a prime number, q 6= 2 is
a prime power, Fq is a finite field with q elements, n is the
code length (we always consider that gcd(n, q) = 1). If C is an
[n, k, d]q code then C⊥ denotes its Euclidean dual and C⊥H
denotes its Hermitian dual. As usual, m = ordn(q) denotes
the multiplicative order of q modulo n (i.e., the smallest
positive integer m such that n divides qm−1) and C[s] denotes
the q-ary cyclotomic coset modulo n containing s, defined
by Cs = {s, sq, sq2, sq3, . . . , sqms−1} (ms is the smallest
positive integer such that sqms ≡ s mod n), where s is not
necessarily the smallest number in the coset C[s]. The minimal
polynomial over Fq of β ∈ Fqm is the monic polynomial
of smallest degree, M(x), with coefficients in Fq such that
M(β) = 0. If β = αi for some primitive nth root of unity
α ∈ Fqm then the minimal polynomial of β = αi is denoted
by M (i)(x). It is well known that xn − 1 =
∏
s
M (s)(x),
where M (s)(x) denotes the minimal polynomial of αs ∈ Fqm
over Fq, and s runs through the coset representatives mod
n. Let C be a cyclic code of length n. Then there is only
one monic polynomial g(x) with minimal degree in C such
that g(x) is the generator polynomial of C, where g(x) is a
factor of xn − 1. The dimension of C equals n − deg g(x).
The (Euclidean) dual code C⊥ of a cyclic code is cyclic and
has generator polynomial g(x)⊥ = xdeg h(x)h(x−1), where
h(x) = (xn − 1)/g(x). Thus, the code having generator
polynomial h(x) is equivalent to the dual code C⊥.
Let Fq be a finite field and n a positive integer with
gcd(q, n) = 1. Let α be a primitive nth root of unity. Recall
that a cyclic code of length n over Fq is a Bose-Chaudhuri-
Hocquenghem (BCH) code of designed distance δ if, for some
integer b ≥ 0 we have
g(x) = lcm{M (b)(x),M (b+1)(x), . . . ,M (b+δ−2)(x)},
that is, g(x) is the monic polynomial of smallest degree over
Fq having αb, αb+1, . . . , αb+δ−2 as zeros. If n = qm− 1 then
the BCH code is called primitive and if b = 1 it is called
narrow-sense.
Theorem 2.1: [18, pg. 201] (The BCH bound) Let C be a
cyclic code with generator polynomial g(x) such that, for some
integers b ≥ 0, δ ≥ 1, and α ∈ Fqm (α is a primitive nth root
of unity), we have g(αb) = g(αb+1) = . . . = g(αb+δ−2) = 0,
that is, the code has a sequence of δ − 1 consecutive powers
of α as zeros. Then the minimum distance of C is, at least, δ.
From the BCH bound, the minimum distance of a BCH code
is greater than or equal to its designed distance δ.
III. CODE CONSTRUCTIONS
In this section we present our contributions, i.e., the four
quantum code constructions previously mentioned.
A. Construction I - Nonprimitive Codes
In this subsection we construct new families of nonbinary
CSS codes derived from two distinct classical BCH codes, not
necessarily dual-containing. To proceed further, let us recall
the so-called CSS construction:
Definition 3.1: [6, 13, 19, 20] Let C1 and C2 denote two
classical linear codes with parameters [n, k1, d1]q and
[n, k2, d2]q , respectively, such that C2 ⊂ C1. Then there
exists an [[n,K = k1 − k2, d]]q quantum code, where d =
min{wt(c) | c ∈ (C1\C2) ∪ (C
⊥
2 \C
⊥
1 )}.
We start by showing Lemma 3.1:
Lemma 3.1: Let q ≥ 3 be a prime power and n > q be an
integer such that gcd(q, n) = 1. Assume also that (q − 1) | n
and m = ordn(q) ≥ 2 hold. Then each one of the q-ary
cyclotomic cosets C[lr], where r is such that n = r(q−1) and
1 ≤ l ≤ q − 2 is an integer, has only one element.
Proof: Since rq = n + r holds, one has (lr)q = l(n +
r) ≡ lr mod n, and therefore (lr)qt ≡ lr mod n, for each
1 ≤ t ≤ m− 1, proving the lemma.
Lemma 3.1 can be applied in order to show Theorem 3.1.
Theorem 3.1: Assume that q > 3 is a prime power and n >
q is an integer such that gcd(q, n) = 1. Assume also that (q−
1) | n and m = ordn(q) = 2 hold. Then there exist quantum
codes with parameters [[n, n− 4(r − 2)− 2, d ≥ r]]q , where
r is such that n = r(q − 1).
Proof: Since it is true that n | (q2 − 1) and because we
consider only nonprimitive BCH codes, it follows that r ≤
q. Since gcd(q, n) = 1 one has r < q, so the inequalities
(r − 2)q < n and r + (r − 2)q < n hold. We next show that
all the q-ary cosets (modulo n) given by C[0] = {0},C[1] =
{1, q},C[2] = {2, 2q},C[3] = {3, 3q}, . . . ,C[r−2] = {r−
2, (r− 2)q},C[r] = {r},C[r+1] = {r+1, r+ q},C[r+2] =
{r+ 2, r+ 2q}, . . . ,C[2r−2] = {2r− 2, r + (r − 2)q}, are
mutually disjoint and, with exception of the cosets C[0] = {0}
and C[r] = {r}, each of them has exactly two elements.
The cosets C[0] and C[r] have only one element. Let us show
that each one of the other cosets has exactly two elements.
Since (r−2)q < n, then the congruence l ≡ lq mod n implies
that l = lq, where 1 ≤ l ≤ r − 2, which is a contradiction.
If r + s ≡ (r + s)q mod n, where 1 ≤ s ≤ r − 2, then
r + s = r + sq, which is a contradiction.
From now on, we show that all these cosets given above and
C[0] and C[r] are mutually disjoint. We only consider the case
C[r+l] = C[r−s], where 1 ≤ l, s ≤ r− 2, since the other cases
3are similar to this one. Seeking a contradiction, we assume that
C[r+l] = C[r−s], where 1 ≤ l, s ≤ r − 2. If the congruence
(r + l) ≡ (r − s) mod n holds, one obtains
(r + l) ≡ (r − s) mod n =⇒ n | (l + s).
If l + s 6= 0 one has n ≤ l + s, which is a contradiction. If
l+s = 0 holds it implies that l = −s, which is a contradiction.
On the other hand, if (r + l)q ≡ r − s mod n holds, one
obtains
(r + l)q ≡ r − s =⇒ lq ≡ −s mod n
=⇒ n | (lq + s).
Since l, s ≤ r − 2 and r < q hold, if lq + s 6= 0 holds it
follows that lq+s < n, which is a contradiction. If lq+s = 0
then lq = −s, which is a contradiction. Thus all the q-ary
cosets C[0], C[1], . . . ,C[r−2], are disjoint from each one of the
q-ary cosets C[r], C[r+1], . . . ,C[2r−2]. Additionally, all the q-
ary cosets C[0], C[1], . . . ,C[r−2], are mutually disjoint and all
the q-ary cosets C[r], C[r+1], . . . ,C[2r−2], are also mutually
disjoint.
Let C1 be the cyclic code generated by the product of the
minimal polynomials
M (0)(x)M (1)(x) · . . . ·M (r−2)(x),
and C2 be the cyclic code generated by g2(x), that is the
product of the minimal polynomials
g2(x) =
∏
i
M (i)(x),
where i /∈ {r, r+ 1, . . . , 2r− 2} and i runs through the coset
representatives mod n. From construction one has C2 ( C1.
From the BCH bound, the minimum distance of C1 is greater
than or equal to r because its defining set contains the se-
quence 0, 1, . . . , r−2, of r−1 consecutive integers. Similarly,
the defining set of the code C generated by the polynomial
h(x) = x
n
−1
g2(x)
contains the sequence r, r + 1, . . . , 2r − 2, of
r−1 consecutive integers and so, from the BCH bound, C also
has minimum distance greater than or equal to r. Since the
code C⊥2 is equivalent to C, C⊥2 also has minimum distance
greater than or equal to r. Therefore, the resulting CSS code
has minimum distance greater than or equal to r.
Next we compute the dimension of the corresponding CSS
code. We know that the degree of the generator polynomial of
a cyclic code equals the cardinality of its defining set. Further,
the defining set Z1 of C1 has r−1 disjoint cyclotomic cosets.
Moreover, all of them (except coset C0) have two elements and
so, Z1 has 2(r−2)+1 elements. Therefore, C1 has dimension
k1 = n − 2(r − 2) − 1. Similarly, C2 has dimension k2 =
2(r − 2) + 1. Thus the dimension of the corresponding CSS
code equals n− 4(r− 2)− 2. Applying the CSS construction
to the codes C1 and C2, one can get quantum codes with
parameters [[n, n− 4(r − 2)− 2, d ≥ r]]q .
We illustrate Theorem 3.1 by means of a graphical scheme:
C1︷ ︸︸ ︷
C[0]C[1] C[2] . . . C[r−2]︸ ︷︷ ︸
C2
C︷ ︸︸ ︷
C[r] C[r+1] . . . C[2r−2] C[a1] . . .C[an]︸ ︷︷ ︸
C2
.
The union of the cosets C[0],C[1], . . . ,C[r−2] is the
defining set of code C1; the union of the cosets
C[0],C[1], . . . ,C[r−2],C[a1], . . . ,C[an] is the defining set of
C2, where C[a1], . . . ,C[an] are the remaining cosets in order
to complete the set of all cyclotomic cosets. The union of the
cosets C[r],C[r+1], . . . ,C[2r−2] is the defining set of C.
Corollary 3.1: Assume that all the hypothesis of Theo-
rem 3.1 are valid. Then there exist quantum codes with
parameters [[n, n− 4(c− 2)− 2, d ≥ c]]q , where 2 ≤ c < r.
Proof: Choose C1 be the cyclic code generated by the
product of the minimal polynomials
M (0)(x)M (1)(x) · . . . ·M (c−3)(x)M (c−2)(x),
and C2 be the cyclic code generated by the product of the
minimal polynomials
∏
i
M (i)(x),
where i /∈ {r, r+1, . . . , r+c−2} and i runs through the coset
representatives mod n. Proceeding similarly as in the proof of
Theorem 3.1, the result follows.
B. Construction II - Codes of Prime Length
In this subsection the attention is focused on cyclic codes of
prime length. Among the contributions shown in this section,
we prove there exists at least one q-ary cyclotomic coset
containing two consecutive integers (see Lemma 3.2). In order
to proceed further, let us recall a well-known result from
number theory:
Theorem 3.2: A linear congruence ax ≡ b (mod m), where
a 6= 0, admits an integer solution if and only if d = gcd(a,m)
divides b.
Applying Theorem 3.2 we can prove Lemma 3.2:
Lemma 3.2: Assume that q ≥ 3 is a prime power, n > q
is a prime number and consider m = ordn(q) ≥ 2. Then
there exists at least one q-ary cyclotomic coset containing two
consecutive integers.
Proof: First, note that gcd(q, n) = 1. In order to prove
this lemma, it suffices to show that the congruence xq ≡ x+1(
mod n) has at least one solution for some 0 ≤ x ≤ n − 1
or, equivalently, the congruence (q − 1)x ≡ 1 (mod n) has
at least one solution. We know that gcd(q − 1, n) = 1 holds,
because n > q and n is a prime number. Since q − 1 6= 0,
it follows from Theorem 3.2 that (q − 1)x ≡ 1 (mod n) has
an integer solution x0. Applying the division algorithm for x0
and n one has x0 = ns0 + r0, where r0 and s0 are integers
and 0 ≤ r0 ≤ n− 1. Since (q− 1)x0 ≡ 1 (mod n) holds then
4the congruence (q − 1)r0 ≡ 1 (mod n) also holds, and the
result follows.
Remark 3.1: Note that in Lemma 3.2 it is not necessary to
assume that n is a prime number. In fact, we only need to
suppose that gcd(q − 1, n) = 1 and gcd(q, n) = 1 hold (the
latter condition ensures that C has simple roots). But since the
corresponding q-ary cosets of BCH codes of prime length have
nice properties, we have assumed that n is prime. However, if
one assumes that gcd(q − 1, n) = 1 and gcd(q, n) = 1 hold,
more good quantum codes can be constructed.
Theorem 3.3: Let q ≥ 3 be a prime power, n > q be a
prime number and consider m = ordn(q) ≥ 2. Assume that
C[s] 6= C[−s], where C[s] is a cyclotomic coset containing
two consecutive integers. Then there exist quantum codes with
parameters [[n, n− 2m, d ≥ 3]]q .
Proof: First, note that gcd(q, n) = 1. Choose C1 be
code generated by M (s)(x) and C2 be the code generated
by
∏
i
M (i)(x), where i 6= −s and i runs through the coset
representatives mod n. It is easy to see that the cosets C[s]
and C[−s] contain m elements. Proceeding similarly as in the
proof of Theorem 3.1, the result follows.
Theorem 3.4: Assume that q ≥ 3 is a prime power,
n > q is a prime number and consider m =
ordn(q) ≥ 2. Let C[s] be the cyclotomic coset con-
taining s and s + 1. Suppose that all the q-ary cosets
C[s],C[s+2], . . . ,C[s+r],C[−s],C[−s−2], . . . ,C[−s−r], are mu-
tually disjoint. Then there exist quantum codes with parame-
ters [[n, n− 2mr, d ≥ r + 2]]q .
Proof: We know that gcd(q, n) = 1 and the coset C[−s]
also contains two consecutive integers, namely, −s − 1 and
−s. Let C1 be the cyclic code generated by the product of the
minimal polynomials
M (s)(x)M (s+2)(x) · . . . ·M (s+r)(x),
and let C2 be the cyclic code generated by the polynomial
g2(x), that is the product of the minimal polynomials
g2(x) =
∏
j
M (j)(x),
where j /∈ {−s− r, . . . ,−s− 2,−s} and j runs through the
coset representatives mod n.
From the BCH bound, the minimum distance of C1 is
greater than or equal to r + 2 because its defining set
contains the sequence of r + 1 consecutive integers given by
s, s + 1, s + 2, . . . , s + r. Similarly, the defining set of the
code C generated by the polynomial h2(x) = (xn−1)/g2(x),
contains a sequence of r + 1 consecutive integers given by
−s− r, . . . ,−s− 2,−s− 1,−s. Again, from the BCH bound,
C has minimum distance greater than or equal to r+2. Since
C is equivalent to C⊥2 , it follows that C⊥2 also has minimum
distance greater than or equal to r+2. Therefore, the resulting
CSS code have minimum distance greater than or equal to
r + 2. If s ∈ [1, n− 1] satisfies gcd(s, n) = 1 then the coset
Cs has cardinality m. In fact, if |Cs| = c < m it follows that
n|s(qc − 1), so n|(qc − 1), a contradiction. Thus, since n is
prime, each one of the cosets Cs, where s ∈ [1, n − 1], has
cardinality m. Additionally, from the hypothesis, all the q-ary
cosets C[s],C[s+2], . . . ,C[s+r], are mutually disjoint. Thus C1
has dimension k1 = n−mr and C2 has dimension k2 = mr,
since there exist r disjoint q-ary cosets not contained in the
defining set of C2, where each of them has cardinality m.
Therefore, the dimension K of the corresponding CSS code
equals K = n−2mr. Since the cosets C[s],C[s+2], . . . ,C[s+r],
C[−s],C[−s−2], . . . ,C[−s−r], are mutually disjoint, it follows
that C2 ( C1. Applying the CSS construction to C1 and C2,
one obtains an [[n, n− 2mr, d ≥ r + 2]]q code.
Example 3.1: Theorem 3.4 has variants as follows: to
construct an [[19, 13, d ≥ 3]]7 code, consider q = 7, n = 19
and m = 3. The cosets are given by C2 = {2, 14, 3} and
C16 = {5, 16, 17}. Let C1 be the cyclic code generated
by the minimal polynomial C1 = 〈g1(x)〉 = 〈M (2)(x)〉
and C2 generated by g2(x) =
∏
i
M (i)(x), where
i /∈ {16} and i runs through the coset representatives
mod 19. Then an [[19, 13, d ≥ 3]]7 quantum code can be
constructed. Proceeding similarly, one can get quantum
codes with parameters [[31, 25, d ≥ 3]]5, [[71, 61, d ≥ 3]]5,
[[11, 1, d ≥ 4]]3, [[31, 19, d ≥ 4]]5, [[31, 13, d ≥ 5]]5,
[[71, 51, d ≥ 4]]5, [[71, 41, d ≥ 6]]5.
C. Construction III - Codes Derived from Steane’s Construc-
tion
In this subsection we construct new families of quantum
BCH codes of prime length by applying Steane’s enlargement
of nonbinary CSS construction [11, Corollary 4]. These new
families have parameters better than the parameters of the
quantum BCH codes available in the literature. Let us recall
Steane’s code construction:
Corollary 3.2: [11, Corollary 4] Assume we have an
[N0,K0] linear code L which contains its Euclidean dual,
L⊥ ≤ L, and which can be enlarged to an [N0,K
′
0] linear code
L
′
, where K ′0 ≥ K0 + 2. Then there exists a quantum code
with parameters [[N0,K0+K
′
0−N0, d ≥ min{d, ⌈
q+1
q d
′
⌉}]],
where d = w(L\L′
⊥
) and d′ = w(L′\L′
⊥
).
Euclidean dual-containing cyclic codes can be derived from
Lemma 3.3:
Lemma 3.3: [1, Lemma 1] Assume that gcd(q, n) = 1. A
cyclic code of length n over Fq with defining set Z contains
its Euclidean dual code if and only if Z ∩ Z−1 = ∅, where
Z−1 = {−z mod n | z ∈ Z}.
In Lemma 3.2 of Section III-B we have shown the existence
of, at least, one q-ary cyclotomic coset containing two consec-
utive integers provided the code length is a prime number. In
what follows we show how to construct good quantum codes
of prime length by applying Steane’s code construction. We
begin by presenting an illustrative example:
Example 3.2: Assume that n = 31 and q = 5. From
Lemma 3.2, there exists a cyclotomic coset containing at least
two consecutive integers; here it is the coset C8 = {8, 9, 14}.
Let C be the cyclic code generated by the product of the
minimal polynomials C = 〈g(x)〉 = 〈M (4)(x)M (8)(x)〉. C
has defining set Z = C4∪C8 = {4, 7, 8, 9, 14, 20} and has pa-
rameters [31, 25, d ≥ 4]5. From Lemma 3.3, it is easy to check
that C is Euclidean dual-containing. Furthermore, C can be
5enlarged to a code C ′ with parameters [31, 28, d ≥ 3]5, whose
generator polynomial is M (8)(x). Applying Corollary 3.2 to
C and C ′ one obtains an [[31, 22, d ≥ 4]]5 code.
Theorem 3.5: Let q ≥ 3 be a prime power, n > q be a
prime number and consider that m = ordn(q) ≥ 2. Let C[s]
be the q-ary coset containing s and s + 1 and consider that
Z = C[s] ∪ C[s+2], where Cs 6= C[s+2]. Assume also that
Z ∩ Z−1 = ∅ holds. Then there exist quantum codes with
parameters [[n, n− 3m, d ≥ 4]]q .
Proof: We know that gcd(q, n) = 1. Let C be the
cyclic code generated the product of the minimal polynomials
〈M (s)(x)M (s+2)(x)〉. By hypothesis and from Lemma 3.3, we
know that C is Euclidean dual-containing. C has parameters
[n, n− 2m, d ≥ 4]q . Let C
′ be the cyclic code generated
by the minimal polynomial M (s)(x). We know that C ′ is
an enlargement of C and has parameters [n, n−m, d ≥ 3]q.
Since m ≥ 2, then k′ − k = m ≥ 2, where k′ denotes the
dimension of C ′ and k denotes the dimension of C. Applying
Steane’s code construction to C and C ′ , since q+1q > 1 holds
one obtains an [[n, n− 3m, d ≥ 4]]q code.
Theorem 3.5 can be generalized in the following way:
Theorem 3.6: Assume that q ≥ 3 is a prime power, n > q
is a prime number and consider that m = ordn(q) ≥ 2. Let
C[s] be the cyclotomic coset containing s and s+ 1. Assume
that Z = C[s] ∪ C[s+2] ∪ . . . ∪ C[s+r], where all the q-ary
cosets C[s+i], i = 0, 2, 3, . . . , r, are mutually disjoint, and
suppose that Z ∩ Z−1 = ∅. Then there exist quantum codes
with parameters [[n, n−m(2r − 1), d ≥ r + 2]]q .
Proof: We know that gcd(q, n) = 1. Let C be the cyclic
code generated by the product of the minimal polynomials
M (s)(x)M (s+2)(x) · . . . ·M (s+r)(x).
Since Z ∩ Z−1 = ∅ holds, it implies from Lemma 3.3 that
C is Euclidean dual-containing. From the hypothesis, all the
q-ary cosets C[s],C[s+2], . . . ,C[s+r] are mutually disjoint, so
C has dimension k = n − mr and minimum distance d ≥
r+2. Thus C has parameters [n, n−mr, d ≥ r + 2]q. Let C
′
be the cyclic code generated by the product of the minimal
polynomials
M (s)(x)M (s+2)(x) · . . . ·M (s+r−1)(x).
We know that C ′ is an enlargement of C and has pa-
rameters [n, n−m(r − 1), d ≥ r + 1]q . Since m ≥ 2 then
k
′
− k = m ≥ 2, where k′ denotes the dimension of
C
′
and k denotes the dimension of C. Applying Steane’s
code construction to the codes C and C ′ one obtains an
[[n, n−m(2r − 1), d ≥ r + 2]]q code, as required.
Example 3.3: In this example we construct an
[[31, 16, d ≥ 5]]5 quantum code. For this purpose we
take n = 31 and q = 5; then m = ordn(q) = 3. Let C
be the cyclic code generated by the product of the minimal
polynomials M (4)(x)M (6)(x)M (8)(x). It is easy to see
that C is Euclidean dual-containing and has parameters
[31, 22, d ≥ 5]5. Let C
′ be the cyclic code generated by
the product of the minimal polynomials M (4)(x)M (8)(x);
C
′ has parameters [31, 25, d ≥ 4]5.Thus there exists an
[[31, 16, d ≥ 5]]5 quantum code.
We next establish Theorem 3.7, an analogous to Theo-
rem 3.1.
Theorem 3.7: Suppose that q ≥ 5 is a prime power and
n > q is an integer such that gcd(q, n) = 1. Assume also
that (q − 1) | n and m = ordn(q) = 2 hold. Then there
exist quantum codes with parameters [[n, n− 4c, d ≥ c+ 2]]q,
where 1 ≤ c ≤ r − 3 and r > 3 is such that n = r(q − 1).
Proof: We only prove the existence of an
[[n, n− 4(r − 3), d ≥ r − 1]]q code, since the constructions
of the other codes are quite similar.
Let C be the cyclic code generated by the product of the
minimal polynomials
M (r)(x)M (r+1)(x) · . . . ·M (2r−3)(x).
From Lemma 3.1 and from the proof of Theorem 3.1, we
know that the q-ary cosets given by C[r] = {r},C[r+1] =
{r+1, r+q},C[r+2] = {r+2, r+2q}, . . . ,C[2r−3] = {2r−
3, r + (r − 3)q} are mutually disjoint and each of them has
two elements. Therefore, C has dimension k = n−2(r−3)−1
and minimum distance d ≥ r − 1.
Let us prove that C is Euclidean dual-containing. In fact, if
(r+ i) ≡ −(r+ j) mod n, where 0 ≤ i, j ≤ r− 3, it follows
that 2r+ i+ j ≡ 0 mod n. Since the inequality 2r+ i+ j < n
holds because q ≥ 5, one has a contradiction. On the other
hand, if (r + i)q ≡ −(r + j) mod n holds then
(iq + j)(q − 1) ≡ 0 mod n =⇒
i(q2 − q) + j(q − 1) ≡ 0 mod n =⇒
j(q − 1) ≡ i(q − 1) mod n,
where the latter congruence holds because ordn(q) = 2. Then
the unique solution is when i = j. Let us investigate this
case. Seeking a contradiction, we assume that the congruence
(r + i)q ≡ −(r + i) mod n is true. Then one obtains
(r + i)q ≡ −(r + i) mod n =⇒
2r + i(q + 1) ≡ 0 mod n =⇒
r(q − 3) ≡ i(q + 1) mod n.
If 0 ≤ i ≤ r − 4, then
r(q − 3)− i(q + 1) ≥
r(q − 3)− (r − 4)(q + 1) =
4q − 4r + 4 > 0,
where the latter inequality holds because r < q since we only
consider nonprimitive BCH codes. Moreover, the inequality
r(q − 3)− i(q + 1) < n also holds, which is a contradiction.
If i = r − 3 then the congruence r(q − 3) ≡ (r − 3)(q + 1)
mod n holds, that is, 4r ≡ 3(q + 1) mod n holds. Since
r | (q + 1) and q + 1 > r hold, it implies that q + 1 ≥
2r so, 3(q + 1) − 4r ≥ 2r > 0. Moreover, the inequality
3(q+1)− 4r < n holds, which is a contradiction. Therefore,
C is Euclidean dual-containing.
Let C
′ be the cyclic code generated by the product of the
minimal polynomials
M (r)(x)M (r+1)(x) · . . . ·M (2r−4)(x).
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′ is an enlargement of C; C ′ has dimension k′ = n− 2(r−
4) − 1 and minimum distance d′ ≥ r − 2. Since m = 2
then k′ − k = 2, where k′ denotes the dimension of C ′
and k is the dimension of C. We know that ⌈ q+1q d
′
⌉ ≥
r − 1. Thus, applying Steane’s code construction one has an
[[n, n− 4(r − 3), d ≥ r − 1]]q quantum code, as required.
Recall that an [[n, k, d]]q code C satisfies the quantum
Singleton bound given by k + 2d ≤ n + 2. If C attains the
quantum Singleton bound, i. e., k + 2d = n + 2, then it is
called a quantum maximum distance separable (MDS) code.
In the following two examples we construct quantum MDS-
BCH codes:
D. Construction IV - Hermitian dual-containing BCH Codes
In this subsection we present the fourth proposed construc-
tion, which is based on finding good Hermitian dual-containing
BCH codes. Let us recall some useful concepts.
Suppose that C is a linear code of length n over Fq2 . Then
its Hermitian dual code is defined by C⊥H = {y ∈ Fnq2 |
yq · x = 0 for all x ∈ C}, where yq = (yq1 , . . . , yqn) denotes
the conjugate of the vector y = (y1, . . . , yn).
Lemma 3.4: [1, Lemma 13] Assume that gcd(q, n) = 1. A
cyclic code of length n over Fq2 with defining set Z contains
its Hermitian dual code if and only if Z ∩ Z−q = ∅, where
Z−q = {−qz mod n | z ∈ Z}.
Lemma 3.5: [1, Lemma 17 c)] (Hermitian Construction) If
there exists a classical linear [n, k, d]q2 code D such that
D⊥h ⊂ D, then there exists an [[n, 2k − n,≥ d]]q stabilizer
code.
Example 3.4: Let us start with an example of how
Lemma 3.1 can be applied together the Hermitian
construction in order to construct good codes. Assume
that q = 7, n = 144, m = 3 and r = 3; the q2-ary cosets
C3, C6, C9 and C12 contain only one element. The other
cosets necessary for the construction are C4 = {4, 52, 100},
C5 = {5, 101, 53}, C7 = {7, 55, 103}, C8 = {8, 104, 56},
C10 = {10, 58, 106},C11 = {11, 107, 59}. Let C be the cyclic
code generated by the product of the minimal polynomials
M (3)(x)M (4)(x)M (5)(x)M (6)(x)M (7)(x)M (8)(x)M (9)(x)·
·M (10)(x)M (11)(x)M (12)(x). It is straightforward to show
that C is Hermitian dual-containing and has parameters
[144, 122, d ≥ 11]72 . Thus, applying the Hermitian construc-
tion, one obtains an [[144, 100, d ≥ 11]]7 quantum code.
Similarly one can construct quantum codes with parameters
[[144, 102, d ≥ 10]]7, [[144, 108, d ≥ 9]]7, [[144, 114, d ≥ 8]]7,
[[144, 116, d ≥ 7]]7, [[144, 122, d ≥ 6]]7, [[144, 128, d ≥ 5]]7,
[[144, 130, d ≥ 4]]7 and [[144, 136, d ≥ 3]]7.
Theorem 3.8: Suppose that q > 3 is a prime power
and n > q2 is an integer such that gcd(q2, n) = 1.
Assume also that (q2 − 1) | n and m = ordn(q2) =
2 hold. Then there exist quantum codes with parameters
[[n, n− 4(r − 2)− 2, d ≥ r]]q, where r is such that n =
r(q2 − 1).
Proof: Let C be the cyclic code generated by the product
of the minimal polynomials
M (r)(x)M (r+1)(x) · . . . ·M (2r−2)(x).
We first show that C is Hermitian dual-containing. For this,
let us consider the defining set Z of C consisting of the q2-ary
cyclotomic cosets given by C[r] = {r},C[r+1] = {r+1, r+
q2},C[r+2] = {r+2, r+2q
2}, . . . ,C[2r−2] = {2r− 2, r+
(r − 2)q2}.
We know that gcd(q, n) = 1 holds. From Lemma 3.4, it
suffices to show that Z ∩ Z−q = ∅. Seeking a contradiction,
we assume that Z ∩ Z−q 6= ∅. Then there exist i, j, where
0 ≤ i, j ≤ r − 2, such that (r + j)ql ≡ −q(r + i) mod n,
where l = 0 or l = 2. If l = 0, one has r+j ≡ −q(r+i) mod n
and so q(r+ i)+ r+ j ≡ 0 mod n. Since q(r+ i)+ r+ j < n
and q(r + i) + r + j 6= 0 hold, one has a contradiction. If
l = 2, it implies that (r + j)q2 ≡ −q(r+ i) mod n and since
gcd(q2, n) = 1 and rq2 ≡ r mod n one obtains
(r + j)q2 ≡ −q(r + i) mod n
=⇒ r + jq2 ≡ −q(r + i) mod n
=⇒ (q + 1)r ≡ −q(i+ jq) mod n
=⇒−q(i+ jq)(q − 1) ≡ 0 mod n
=⇒ n | q(i+ jq)(q − 1)
=⇒ r(q + 1) | q(i + jq).
Since gcd(r, q) = 1 and gcd(q + 1, q) = 1 hold it implies
that r(q + 1) | (i + jq), which is a contradiction because
i+ jq < r(q + 1). Thus C is Hermitian dual-containing.
It is easy to see that these cosets are mutually disjoint,
with exception of the coset C[r], the other cosets have two
elements. Thus C has dimension k = n − 2(r − 2) − 1.
By construction, the defining set Z of C contains the se-
quence r, r + 1, . . . , 2r − 2, of r − 1 consecutive integers
and, so the minimum distance of C is greater than or equal
to r, that is, C is an [n, n− 2(r − 2)− 1, d ≥ r]q2 code.
Applying the Hermitian construction to C one can get an
[[n, n− 4(r − 2)− 2, d ≥ r]]q quantum code, as desired.
Corollary 3.3: Suppose q > 3 is a prime power and n > q2
is an integer such that gcd(q2, n) = 1. Assume also (q2−1) | n
and m = ordn(q2) = 2. Then there exist quantum codes with
parameters [[n, n− 4c− 2, d ≥ c+ 2]]q , where 2 ≤ c < r− 2
and n = r(q2 − 1).
Proof: Let C be the BCH code generated by the prod-
uct of the minimal polynomials M (r)(x)M (r+1)(x) · . . . ·
M (r+c)(x). Proceeding similarly as in the proof of Theo-
rem 3.8, the result follows.
Theorem 3.9: Let q ≥ 3 be a prime power, n > q2 be a
prime number and consider that m = ordn(q2) ≥ 2. Let
C[s] be the cyclotomic coset containing s and s+ 1. Assume
that Z = C[s] ∪ C[s+2] ∪ . . . ∪ C[s+r], where all the q-ary
cosets C[s+i], i = 0, 2, 3, . . . , r, are mutually disjoint, and
suppose that Z ∩ Z−q = ∅. Then there exist quantum codes
with parameters [[n, n− 2mr, d ≥ r + 2]]q .
Proof: We know that gcd(q, n) = 1 holds. Let C be
the cyclic code generated by the product of the minimal
polynomials
M (s)(x)M (s+2)(x) · . . . ·M (s+r)(x).
Since Z ∩ Z−q = ∅ holds, it follows from Lemma 3.4 that
C is Hermitian dual-containing. From the BCH bound, the
7minimum distance of C is greater than or equal to r + 2. It
is easy to see that the cosets C[s+i], where i = 0, 2, 3, . . . , r,
have m elements and they are mutually disjoint. Thus C has
parameters [n, n−mr, d ≥ r + 2]q2 . Applying the Hermitian
construction one can get an [[n, n− 2mr, d ≥ r + 2]]q code.
We finish this subsection by showing how Lemma 3.2 works
for constructing quantum MDS-BCH codes:
Example 3.5: Let us consider q = 5 and n = 13. Since
gcd(13, 24) = 1, the linear congruence (q2 − 1)x ≡ 1 mod n
has a solution, so there exists at least one q2-ary coset contain-
ing two consecutive integers, namely, the coset C[6] = {6, 7}.
Choose C = 〈M (6)(x)〉. Since C[4] 6= C[6], C is Hermitian
dual-containing and has parameters [13, 11, d ≥ 3]5. Applying
the Hermitian construction, an [[13, 9, 3]]5 quantum MDS-
BCH code is constructed. Similarly, we can also construct an
[[17, 13, 3]]4 and an [[17, 9, 5]]4 quantum MDS-BCH code.
IV. CODE COMPARISONS
In this section we compare the parameters of the new
quantum BCH codes with the ones available in the literature.
The codes available in the literature derived from Steane’s
code construction are generated by the same method presented
in [20, Table I] by considering the criterion for classical
Euclidean dual-containing BCH codes given in [1, Theorems 3
and 5].
Let us fix the notation:
• [[n, k, d]]q are the parameters of the new quantum codes;
• [[n
′
, k
′
, d
′
]]q =
[[n
′
, n
′
− 2m(⌈(δ − 1)(1− 1/q)⌉), d
′
≥ δ]]q are the pa-
rameters of quantum codes available in [1];
• [[n
′′
, k
′′
, d
′′
]]q are the parameters of quantum BCH codes
derived from Steane’s code construction shown in [11,
Corollary 4].
Tables I and II show the new codes derived from Construc-
tion I and from Theorem 3.4 in Construction II; Table III
presents new codes derived from Construction III and Table IV
shows the new codes derived from Construction IV.
Checking the parameters of the new quantum BCH codes
tabulated, one can see that the new codes have parameters
better than the ones available in the literature. In other words,
fixing n and d, the new quantum BCH codes achieve greater
values of the number of qudits than the quantum BCH codes
available in the literature. As the referee observed, it is
interesting to note that most of our codes of length larger
than q2 + 1 are new.
Remark 4.1: Note that the codes [[31, 25, d ≥ 3]]5 and
[[1093, 1079, d≥ 3]]3 have the same parameters of the cor-
responding Hamming codes and the new [[71, 61, d ≥ 3]]5
code can be compared with distance three codes obtained by
shortening Hamming codes.
V. SUMMARY
We have presented four quantum code constructions gen-
erating new families of good nonprimitive non-narrow-sense
quantum BCH codes. These new quantum codes have param-
eters better than the ones available in the literature. Addition-
ally, most of these codes are generated algebraically.
TABLE I
CODE COMPARISON
New CSS codes CSS codes in [1]
[[n, k, d]]
q
[[n
′
, k
′
, d
′
]]
q
[[11, 1, d ≥ 4]]
3
—
[[13, 1, d ≥ 4]]
3
—
[[1093, 1079, d ≥ 3]]
3
[[1093, 1065, d
′
≥ 3]]
3
[[31, 19, d ≥ 4]]
5
[[31, 13, d
′
≥ 4]]
5
[[31, 13, d ≥ 5]]
5
[[31, 7, d
′
≥ 5]]
5
[[71, 61, d ≥ 3]]
5
[[71, 51, d
′
≥ 3]]
5
[[71, 51, d ≥ 4]]
5
[[71, 41, d
′
≥ 4]]
5
[[73, 61, d ≥ 4]]
8
[[73, 55, d
′
≥ 4]]
8
[[73, 55, d ≥ 5]]
8
[[73, 49, d
′
≥ 5]]
8
[[73, 49, d ≥ 6]]
8
[[73, 43, d
′
≥ 6]]
8
[[73, 43, d ≥ 7]]
8
[[73, 37, d
′
≥ 7]]
8
TABLE II
CODE COMPARISON
New CSS codes Steane’s code construction
[[n, k, d]]
q
[[n
′′
, k
′′
, d
′′
]]
q
: L, L
′
[[31, 19, d ≥ 4]]
5
[[31, 16, d
′′
≥ 4]]
5
: [31, 22, 4]
5
, [31, 25, 3]
5
[[31, 13, d ≥ 5]]
5
[[31, 10, d
′′
≥ 5]]
5
: [31, 19, 5]
5
, [31, 22, 4]
5
[[73, 61, d ≥ 4]]
8
[[73, 58, d
′′
≥ 4]]
8
: [73, 64, 4]
8
, [73, 67, 3]
8
[[73, 55, d ≥ 5]]
8
[[73, 52, d
′′
≥ 5]]
8
: [73, 61, 5]
8
, [73, 64, 4]
8
[[73, 49, d ≥ 6]]
8
[[73, 46, d
′′
≥ 6]]
8
: [73, 58, 6]
8
, [73, 61, 5]
8
[[73, 43, d ≥ 7]]
8
[[73, 40, d
′′
≥ 7]]
8
: [73, 55, 7]
8
, [73, 58, 6]
8
TABLE III
CODE COMPARISON
New codes (Construction III) Steane’s code construction
[[n, k, d]]
q
[[n
′′
, k
′′
, d
′′
]]
q
[[31, 22, d ≥ 4]]
5
[[31, 16, d
′′
≥ 4]]
5
[[31, 16, d ≥ 5]]
5
[[31, 10, d
′′
≥ 5]]
5
[[71, 56, d ≥ 4]]
5
[[71, 46, d
′′
≥ 4]]
5
[[73, 64, d ≥ 4]]
8
[[73, 58, d
′′
≥ 4]]
8
[[73, 58, d ≥ 5]]
8
[[73, 52, d
′′
≥ 5]]
8
[[40, 36, 3]]
9
(MDS)
[[60, 56, 3]]
11
(MDS)
TABLE IV
CODE COMPARISON
New Hermitian Codes (Construction IV) Hermitian Codes in [1]
[[n, k, d]]
q
[[n
′
, k
′
, d
′
]]
q
[[17, 13, 3]]
4
(MDS)
[[17, 9, 5]]
4
(MDS)
[[13, 9, 3]]
5
(MDS)
[[312, 298, d ≥ 5]]
5
[[312, 296, d
′
≥ 5]]
5
[[312, 294, d ≥ 6]]
5
[[312, 292, d
′
≥ 6]]
5
[[312, 290, d ≥ 7]]
5
[[312, 288, d
′
≥ 7]]
5
[[312, 286, d ≥ 8]]
5
[[312, 284, d
′
≥ 8]]
5
[[312, 282, d ≥ 9]]
5
[[312, 280, d
′
≥ 9]]
5
[[312, 278, d ≥ 10]]
5
[[312, 276, d
′
≥ 10]]
5
[[312, 274, d ≥ 11]]
5
[[312, 272, d
′
≥ 11]]
5
[[312, 270, d ≥ 12]]
5
[[312, 268, d
′
≥ 12]]
5
[[144, 128, d ≥ 5]]
7
[[144, 120, d ≥ 5]]
7
[[144, 122, d ≥ 6]]
7
[[144, 114, d ≥ 6]]
7
[[144, 116, d ≥ 7]]
7
[[144, 108, d ≥ 7]]
7
[[144, 114, d ≥ 8]]
7
[[144, 102, d ≥ 8]]
7
[[144, 108, d ≥ 9]]
7
[[144, 96, d ≥ 9]]
7
[[144, 102, d ≥ 10]]
7
[[144, 90, d ≥ 10]]
7
[[144, 100, d ≥ 11]]
7
[[144, 84, d ≥ 11]]
7
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